A single master equation is given describing spin s ≤ 2 test fields that are gauge-and tetradinvariant perturbations of the spinning C metric spacetime representing a source with mass M , uniformly rotating with angular momentum per unit mass a and uniformly accelerated with acceleration A. This equation can be separated into its radial and angular parts. The behavior of the radial functions near the horizons is studied and used to examine the influence of A on the phenomenon of superradiance, while the angular equation leads to modified spin-weighted spheroidal harmonic solutions generalizing those of the Kerr spacetime. Finally the coupling between the spin of the perturbing field and the acceleration parameter A is discussed.
I. INTRODUCTION
The spinning C metric is a boost-rotation-symmetric stationary spacetime of Petrov type D belonging to the Weyl class of solutions of the Einstein equations 1 . It can be interpreted as the field of two rotating black holes which are uniformly accelerated in opposite directions under the action of conical singularities. Using the Boyer-Lindquist-type coordinates (t, r, θ, φ) introduced by Podolsky and Griffiths 2,3 , the corresponding line element is given by
where the functions Ω, Σ, P and Q are defined by Ω = 1 − Ar cos θ , Σ = r 2 + a 2 cos 2 θ ,
, ∆ = r 2 − 2Mr + a 2 = (r − r − )(r − r + ) .
We list in Appendix A the most important properties of this metric. Units are chosen such that G = 1 = c, so that the parameters (M, a) have the dimension of length whereas A of the inverse of length andā = a/M,Ā = AM are nondimensional quantities.
In the limit of vanishing rotation parameter a = 0 the metric (1) reduces to the usual non-rotating vacuum C metric, while for A = 0 we recover the familiar Kerr metric for a rotating source; finally, for either a = 0 = A or a = 0 = M we get the Schwarzschild and
Rindler solutions respectively.
For a further use it is convenient to introduce the notation σ + ≡ (1 + a 2 A 2 ) + 2MA = P (π), σ 0 ≡ (1 + a 2 A 2 ) = [P (π) + P (0)]/2,
2 ) − 2MA = P (0).
We limit our attention to the spherical corona r + < r < r A = 1/A in which Q(r) > 0, also implying P (θ) > 0 for all θ ∈ [0, π]. Finally, we require φ ∈ [0, φ 0 ), with either φ 0 = 2π/σ + (equivalent to the removal of the conical singularity at θ = π) or φ 0 = 2π/σ − (equivalent to the removal of the conical singularity at θ = 0) as explained in Appendix A. In this way there is no need to specify if the removed singularity corresponds to θ = 0 or θ = π.
We study here massless perturbations to the spinning C metric due to fields of any spin following the approach of Teukolsky 4,5 grounded, in turn, in the context of the NewmanPenrose formalism 6, 7 . For a Kerr gravitational background Teukolsky found a separable master equation whose eigenfunction solutions essentially solve the problem of the massless perturbations of any spin for the Kerr black hole in terms of gauge-and tetrad-invariant quantities. After that work many authors have discussed generalizations to other interesting spacetimes including the vacuum C metric in standard coordinates 8 .
We introduce in Section II a master equation for the spinning C metric spacetime whose symmetries allow the separation of the equation into radial and angular parts, generalizing some previous results valid for the Kerr spacetimes and the non spinning C metric, and use it to study the question of superradiant scattering modes as well as the various allowed coupling terms between the spin of the perturbing field and the background parameters: mass, rotation and acceleration. Closed form solutions to the radial equation are extensively discussed in Section IV (algebraically special perturbations) as well as in Appendix B (general Liouvillian solutions).
We finally explicitly give in the Appendix C the equations for null geodesics. As in the non-rotating case of the C metric only geodesics of this kind can be separated, because of the existence of a conformal Killing tensor, which is derived too.
II. TEUKOLSKY MASTER EQUATION (TME)
Consider the spinning C metric in the form (1). A Kinnersley-like null frame
can be introduced to define Newman-Penrose (NP) quantities. The only nonvanishing Weyl scalar is
and the only nonvanishing spin coefficients are
A master equation for the gauge-and tetrad-invariant first-order massless perturbations of any spin in this background can be given starting from the following Newman-Penrose relations for any vacuum type D geometry (here considered with no backreaction)
for spin weights s = 1/2, 1, 2 and
The case s = ±3/2 can be derived instead by following the work of Güven 10 , which is expressed in the alternative Geroch-Held-Penrose formalism 11 . Finally the case s = 0 is given by
Note that only in these NP equations has the standard notation for the directional derivatives D = l µ ∂ µ , ∆ = n µ ∂ µ and δ = m µ ∂ µ been used and the second of these should not be confused with the equally standard notation for the metric quantity ∆ = r 2 − 2Mr + a 2 used everywhere else in this article. As in the case of the Kerr spacetime 12 and the Taub-NUT spacetime 13 all these equations for distinct spin weights can be cast into a single compact form in the spinning C metric spacetime as well, by introducing a "connection vector" with components
The resulting master equation has the form
where ψ 2 is the spinning C metric background Weyl scalar given by (5) . This master equation characterizes the common behavior of all these massless fields in this background differing only in the value of the spin-weight parameter s. In fact, the first term on its left-hand side represents (formally) a wave (d'Alembert) operator, corrected by taking into account the spin-weight of the perturbing field, and the second term is a (Weyl) curvature term also linked to the spin-weight value. Table I shows the various Newman-Penrose quantities for which the master equation holds following the standard notation 4 , where in the spin-2 case ψ 0 and ψ 4 refer to the perturbed Weyl scalars.
III. SEPARATION OF THE MASTER EQUATION
Remarkably the master equation (11) admits separable solutions of the form
where ω > 0 is the wave frequency and m is the azimuthal separation constant. Note that as stated above the conical singularity along the symmetry axis is removed by insisting periodicity in the azimuthal coordinate such that ∆φ = φ 0 . Since φ is in this way a periodic coordinate, m must be of the form m = (2π/φ 0 )m 0 = m 0 σ ± , with m 0 a positive integer, without loss of generality.
The radial equation is then
with
where K is the separation constant and the quantity
has been introduced following Teukolsky. Clearly the solution R(r) of this equation depends on the value of the spin weight s, so when convenient this dependence will be made explicit Equation (13) will be studied on the interval r ∈ (r + , r A ), where the metric and the chosen tetrad (4) are well behaved, closely following the usual treatment of black hole perturbations that motivates the present investigation.
By introducing the scaling
and the "tortoise" coordinate transformation r → r * , where
the radial equation can be transformed into the one-dimensional Schrödinger-like equation
with the potential
where
has been introduced in analogy with Teukolsky's treatment of the perturbations of the exterior Kerr spacetime.
The asymptotic form of the radial equation
We notice that for small values of A (r A → ∞) we approach the Teukolsky result:
On the other hand close to the horizon r → r + (r * → −∞), the asymptotic form of the radial equation becomes
with ω + the "effective angular velocity" of the horizon. Following Teukolsky, if
energy flows out from the hole, i.e. one has superradiant scattering. Superradiance (see
Ref.
14 and references therein for an exaustive review) is a physical effect typically related to rotation of totally absorbing objects. More specifically, Zel'dovich 15 in 1971 noticed that a cylinder made of absorbing material and rotating about its axis with frequency ω + can amplify modes of scalar or electromagnetic radiation scattering on it which satisfy the con- To complete our analysis of the perturbations on the spinning C metric spacetime, we need to discuss the angular equation
or equivalently:
where Y (θ) = √ P S(θ), z = aω + sĀ and w = −m + 2sĀ. This equation generalizes the spin-weighted spheroidal harmonics of Teukolsky 4,17,18 .
In the limit of small values of the rotation parameter a as well as acceleration parameter A, also neglecting terms of the order aA, the radial and angular potentials (14) and (27) reduce to
respectively. Note that the corrections due to A to the radial potential are O(A 2 ) while those to the angular potential are O(A).
We will discuss now the limiting cases of Kerr, Schwarzschild, C metric and Rindler spacetimes.
A. Limiting cases
The radial equation (13) reduces to
where K is the separation constant.
The angular equation (26) becomes
where Y (θ) = S(θ).
Following Teukolsky the separation constant in this case should be set as
The separation constant in this case should be set as
where Y (θ) = √ P C S(θ), P C = 1 − 2Ā cos θ, z = sĀ and w = −m + 2sĀ.
Rindler:
IV. ALGEBRAICALLY SPECIAL PERTURBATIONS
Consider the radial equation (13) . In analogy with the Schwarzschild black hole case one can find analytic solutions of this equation for s = +2 given by
Substituting into Eq. (13) one obtains a 7 th degree polynomial equation in r which must be identically zero, i.e. the coefficient of any power of r should vanish leading to a homogeneous linear system of 8 equations in the 4 variables c 0 , . . . c 3 (consequence of the fact that the coefficient of any power of r is a linear function of c 0 , . . . c 3 ). This system is compatible assuming the following constraint (generalizing the Starobinsky constraint):
where x = Mω, y = aω, q =āĀ and
We have
The solution is implicitly given by
with c 1 arbitrary and c 2 given by
The limiting cases of Kerr, Schwarzschild, C metric and Rindler spacetimes are discussed below.
Kerr: A = 0
Consider the radial equation (30). One can find analytic solutions of this equation for s = +2 given by
Substituting into Eq. (30) one obtains a 5 th degree polynomial equation in r which must be identically zero. This system is compatible assuming the following constraint:
where x = Mω, y = aω and
2. Schwarzschild:
Consider the radial equation (35). One can find analytic solutions of this equation for s = +2 given by
Substituting into Eq. (35) one obtains a 4 th degree polynomial equation in r which must be identically zero. This system is compatible assuming the following constraint:
where x = Mω and
C metric: a = 0
Consider the radial equation (39). One can find analytic solutions of this equation for s = +2 given by
Substituting into Eq. (39) one obtains a 6 th degree polynomial equation in r which must be identically zero. This system is compatible assuming the following constraint:
Consider the radial equation (43). One can look for analytic solutions of this equation
for s = +2 given by We list here the most important properties of the spinning C metric written in the form (1) following Podolsky and Griffiths 2,3 .
• Ring singularity at r = 0
The solution is characterized by the presence of a Kerr-like ring singularity at r = 0, θ = π/2, as shown by Podolsky and Griffiths 2,3 .
• Killing horizons
Surfaces on which Q = 0 are Killing horizons: r = r ± , r = r A ≡ 1/A. The expressions for r ± are identical to those for the locations of the outer and inner horizons of the non-accelerating Kerr black hole. The additional horizon at r = r A , which is already familiar in the context of the C metric, is an acceleration horizon.
•
Conformal infinity
The vanishing of the conformal factor Ω corresponds to conformal infinity. If θ ∈ (0, π/2) the latter is given by r = 1/(A cos θ), so that the range of allowed values of r turns out to be r ∈ (0, 1/(A cos θ)); if instead θ ∈ (π/2, π) conformal infinity is not reached even for r → ∞, so that we may take r ∈ (0, ∞).
• Conical singularities
Conical singularities generally occur on the axis at both θ = 0 and θ = π. However, by specifying the range of φ appropriately, the singularity on one half of the axis can be removed. For example, that on θ = π is removed by taking φ ∈ [0, 2π/σ + )
corresponding to a pair of strings providing the necessary acceleration by connecting the sources to infinity. Alternatively, the singularity on θ = 0 can be removed by taking φ ∈ [0, 2π/σ − ) corresponding to a strut between the sources.
How a restriction in the allowed values of the φ coordinate can be used to remove the singularity can be easily seen by considering the limiting form of the metric on the axis. For instance, on θ = 0 the latter reduces to
; therefore the (limiting) metric induced on a t =const, r =const sphere is conformal to
which coincides with that of a right cone once φ ∈ [0, 2π/σ − ), as stated above. Similar considerations hold in the case θ = π with σ − replaced by σ + .
• Ergosurfaces
The norm of the timelike Killing vector ∂ t is given by
so that ∂ t is timelike for Q − a 2 P sin 2 θ > 0. The vanishing of this quantity implicitly defines the ergoregions 19, 20 .
• Choice of the parameters and the region of validity of the coordinates
We limit our attention to the spherical corona C: r + < r < r A in which Q(r) > 0.
This choice implies 1/A > r + , that is the condition A < A * ≡ 1/r + = r − /a 2 . The latter restriction also implies P (θ) > 0 for all θ ∈ [0, π]. Finally either one of the two conical singularities is assumed to be removed and this corresponds to a limitation for the values of φ as explained above. There is no need now to specify if the removed one corresponds to θ = 0 or θ = π.
Appendix B: Liouvillian solutions to the radial equation
We apply here the well-known Kovacic algorithm 21 to the radial equation (13) Let us examine the pole structure of the radial potential (14) , rewritten in the form
being
X ± A and X ± can be cast in a more symmetric form. In fact we find
Eq. (13) can then be cast in the form
by the scaling
where the function W (rad) (r) is given by
The Kovacic algorithm applies to a general second order ordinary differential equation is a non-negative integer n and, for the correspondingΩ(r), the differential equation
has a polynomial solution P of degree n then Eq. (B5) has a Liouvillian solution given by
If this is not the case for any d then Eq. (B5) has no type 1 solutions.
Since W (rad) (r) depends on different independent parameters (black hole parameters, spacetime acceleration, separation constants), several different pole structures may occur by imposing conditions on the parameters which alter the order of poles. For each different pole structure, in general, d andΩ are expressed in terms of the parameters. Solutions to Eq.
(B5) may be obtained by requiring d = n, which then is just a constraint on the parameters, and finding all sets of parameters for which Eq. (B9) has a polynomial solution of degree n.
For all possible pole structures of (B7), all functionsΩ generated by the algorithm for type 1 have the formΩ
where 
implying that the order of the pole at infinity has order 2.
The algorithmic condition d = n is given by
For every pole structure, we construct the Liouvillian solutions to Eq. (B5) by deriving a consistent recursion relation which generates the finite set of coefficients in the polynomial P. Following Couch and Holder 23 , to obtain a recursion relation with the fewest number of terms we take, without loss of generality, P to be expanded about a pole of nonzero order, say r + , as follows
a k (r − r + ) k , a n = 0 . 
Liouvillian solutions (B10) to Eq. (B5) are thus given by y = P(r − r + ) α + (r − r − ) α − (r + r
implying that R = Pr 
A detailed discussion of such solutions which takes into account the constraints (B13), (B14) and (B18) by specializing the parameters involved is beyond the scope of the present paper. 
